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Microfilter Simulations and Scaling Laws

David R. Mott,* Elaine S. Oran," and Carolyn R. Kaplan,i
U.S. Naval Research Laboratory, Washington, DC 20375

A series of direct simulation Monte Carlo calculations of flows through microfilters were performed to evaluate
the range of validity of a previously derived scaling law. This scaling law, which describes how the pressure drop
across a filter depends on the Reynolds number and filter geometry, is based on Navier-Stokes calculations and
experiments in the continuum regime. The simulations show that this scaling law predicts the correct Reynolds
number dependence for a fixed Knudsen number, but the magnitude of the pressure drop is overpredicted as effects
due to collisional nonequilibrium become important. The results of the simulations were used to derive a correction
term to the scaling law that includes the Knudsen number and, thus, accounts for nonequilibrium effects.
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Introduction

ILTERS and screens are commonly used in a wide variety of

engineering applications, from isolating particulates in a gas
sample to controlling turbulence levels in a wind tunnel. Because
isolating particulates such as bioagents and airborne pathogens is
now so important, we need to fabricate reliable filters with micro-
meter and submicrometer apertures.

When the particulates appear in very low concentrations, a rela-
tively large amount of air must be filtered to get a sufficient sample.
Because the power requirement for such a filtering procedure is the
product of the flow rate and the pressure drop across the filter, ob-
taining an adequate sample becomes increasingly more expensive
as the target particles become more dilute. An efficient filter design
minimizes this pressure drop to reduce this expense.
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To predict performance and ultimately improve efficiency, there
has been a significant effort over the years to quantify the relation-
ship between filter performance and some set of global geometric
parameters and flowfield conditions."'? These studies led to scaling
laws, which are algebraic expressionsthatindicate how the pressure
drop across a screen or filter scales with system parameters. Such
scaling laws can be used to optimize a filter design for a set of op-
erating conditions as well as predict off-design performance of the
filter. Scaling laws also provide a component model for a microfil-
ter that can be used in system-level design and analysis of complex
microfluidic systems.

This paper describes a series of direct simulation Monte Carlo
(DSMC)? calculations used to quantify the relationship between
power consumption and flow rate for filters in the high Knudsen
number regime. The Knudsen number, defined as

mean free path A

characteristiclength L

Kn =

)]

is a measure of the degree to which the flow deviates from equi-
librium when there are too few molecular collisions. These effects
appear for Kn >0.01, and Oran et al.* describe several methods for
simulating flows in this regime. Navier-Stokes equations, which
are based on the continuum approximation that assumes collisional
equilibrium, may be used effectively up to Kn ~ 0.1 by incorporat-
ing slip boundary conditions’ However, the Navier-Stokes equa-
tions do not form a closed set unless the sheer stress and heat con-
duction can be written in terms of the lower-order macroscopic
quantities’ These constitutive relationships, such as the relation-
ship between viscous forces and strain rate, are only valid if there
are enough intermolecular collisions. Therefore, the Navier-Stokes
equationscannotbe used when the system s too far from collisional
equilibrium, regardless of the choice of boundary conditions. This
breakdown occurs around Kn ~ 0.1 (Refs. 3 and 5).

The DSMC method® is a statistical approach for solving rarefied
flow problems that does not rely on the constitutive assumptions
required in Navier-Stokes calculations. In DSMC, a group of rep-
resentativemolecules are tracked as they move and collide. The es-
sential approximationthat differentiates DSMC methods from other
particlemethods is the assumption that the molecularmovementand
the collisioncalculationscan be done independently. Each molecule
moves independently over a given time step based on its velocity,
and then a set of collisions are calculated between molecules that
are relatively close after the move. The number of molecular col-
lisions imposed on the system is given by the expected number of
collisions in the real gas based on the time step, grid size, and flow
conditions.

The simulations described here were used to modify a previously
derived scaling law®’ to account for high Knudsen numbers. These
results expand the range in which these expressions can be used to
predict filter performance.
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Scaling Laws for Filters and Screens

Early work on scaling laws for filters was inspired by the use of
screens to control wind-tunnel turbulence. These screens generally
consisted of round wires joined to form a grid. The pressure drop
for such a grid can be estimated by assuming each wire acts as an
independent,infinite cylinder.! Each wire sees a highervelocity than
the inflow velocity approaching the screen due to a blockage effect.
In other words, the screen occupies part of the channel, so that the
flow must accelerate above the inflow velocity to maintain a given
mass flux. These studies yielded empirical relationships between
pressure drop and flow rate in terms of two geometric parameters
and one flow parameter: the ratio of hole area to filter area (which
is called the opening factor ), the ratio of filter thickness to hole
diameter ¢ /d, and the Reynolds number Re given by

Re = IoinUind/ﬂ/'Lin (2)

The density, velocity, and viscosity of the inflow are pi,, Uin, and
[in, respectively. This definition of Reynolds number includes the
blockage effect of the filter by scaling U;, by B. Using the effective
flow through the filter holes in the definition for Reynolds number
improves the correlation of results for various hole geometries and
flow conditions? The earliest experimental work that resulted in
scalinglawsintermsof 8, ¢ /d, and Re was done at Reynoldsnumber
much larger than the conditions and filters of current interest."?

The actual filters on which the present study is based are more
like a perforated plate than a wire mesh, but 8, Re, and t /d are still
the appropriate parameters for characterizing the pressure drop.
To illustrate this, and to develop a functional form for the scaling
law, we first assume thateach orifice is circular with fully developed
flow throughout. The result for Hagen-Poiseuille flow that describes
fully developed flow in a circular pipe provides the average velocity
u in each channel as a function of pressure gradient, tube diameter,
and viscosity (see Ref. 8),

_ d’ dp
M—m(—d—x) 3)

We are interested in the pressure drop, Ap = pi, — Pou» aCTOSS a
filter of thickness 7, and so we rewrite the pressure gradient as
dp _ Ap
~L-ZF @
dx t
Assuming the flow is incompressible, we can relate the average
velocity u to U, using the opening factor:

Substitution into Eq. (3) yields the following expression for Ap
normalized by the incoming dynamic pressure:

Ap 72641

K=——= —_
vz P Red

6)

Here, K is the nondimensional pressure drop.

Therefore, if we assume the flow through each hole in the perfo-
rated plate is incompressible and fully developed without entrance
or exit effects, the pressure drop is inversely proportional to 82 and
Reynolds number Re and directly proportional to ¢ /d. The scaling
law given by Eq. (6) would apply to filters with large ¢ /d, for which
entrance and exit effects are less significant, but for d large enough
that Knudsen number effects are not important. We will now exam-
ine how the form of Eq. (6) changes as additional physical effects
are included.

Schetz’ presents solutions for pipe flow that include entrance
effects, giving the following expression for the pressure drop across
the filter once opening-factoreffects are included:

K = B7*[(64/Re)(t/d) + a] M

The additionalterm thatappearsin Eq. (7) but notin Eq. (6) accounts
for friction in the developing region. A control-volume analysis
provides an analytical form for «, and experiments indicate that
a ~ 1.25 is areasonable approximation”’ Equation (7) assumes that

the flow becomes fully developed at some point in the channel and
is not affected by exit effects, and so its potential usefulness as a
scaling law is only slightly greater than Eq. (6).

Dagan et al.'” provide a creeping-flow solution for a single finite
lengthorifice thatincludes both entranceand exiteffects. Theirexact
infinite series solution demonstrates that entrance and exit effects
can be approximated using a linear term in ¢ /d,

K = B7?[(16/7)(t /d) + 3](47 /Re) ®)

This approximation is a combination of Hagen-Poiseuille flow
within the orifice and the solution for flow through an orifice in
an infinitely thin wall. Unlike Eq. (7), Eq. (8) retains the correct
Reynolds number dependence in the limit as + — 0. However, at
the scales currently of interest, this approximation does not provide
accurate predictions.

Mostrecently, experimentaland computational studies have been
conducted in the continuum regime for filters with circular holes
with diameters from 5 to 12 um (Refs. 6, 7, and 11), which is well
outside the parameter range of earlier work on filter scaling laws.
Based on these studies, Yang et al.® suggested a scaling law that
has the general form developedin the preceding paragraphs, but has
empirical constants in each of the terms,

K = B2[3.5(1/d) + 3][(10/Re) + 0.22] ©)

Here, K is inversely proportionalto 8% and linearin 7 /d asin Eq. (8),
but now it is also linear in 1/Re rather than being directly propor-
tional to this parameter.

Yang et al.® developed Eq. (9) using solutions to the incompress-
ible Navier-Stokes equations and then compared these to experi-
mental results. The calculations included noncontinuum effects in
the form of a slip boundary condition at the filter surface, but these
effects were minor for the cases tested. Rather than include an ad-
ditional parameter such as Knudsen number in the scaling law, the
relatively small nonequilibriumeffect was incorporatedinto the val-
ues of the constants in Eq. (9).

Filters for biodetection, however, require holes that are even
smaller than those tested by Yang et al.>'" A rod-shaped anthrax
spore, forexample,is generally4.5-10 umlongby 1-1.5 um across.
As hole diameters are reduced to 1 um or less, Knudsen number
effects will be substantial. These effects must then be included ex-
plicitly in the scaling law.

Gombosi'? provides an analysis of pipe flow that includes slip
effects. Using the mean free path method of gas kinetics, he shows
that the standard Hagen-Poiseuille result given in Eq. (6) can be
scaled to include slip effects by a term involving Knudsen number.
His analysis applied to the microfilter problem gives the expression

K = B7%(64/Re)(t/d)[1 + (16/3)Kn] " (10)

The constant 176 is not empirical, but comes from the gas kinetic
analysis. In the continuumlimit, Kn — 0, and Eq. (10) approaches
Eq. (6). As Knudsen number increases from zero, the pressure drop
decreases due to the effects of slip at the channel walls. Beskok
et al.’ show that this linear term in Knudsen number overpredicts
the effects of slip, and they present a higher-order slip boundary
condition that includes a Kn? term. However, we are interested in
adding a simple correction to the scaling law given in Eq. (9), and
so the linear form is preferred. The form of this correction factor for
including Knudsen number effects in the Hagen-Poiseuille result
foreshadows the correction that will be added to Eq. (9) to include
Knudsen number effects in the microfilter scaling law.

Note that these scaling laws do not include compressibility ef-
fects, which can be significant in microflows.’ The framework de-
veloped here is used to derive a correction to Eq. (9) that incorpo-
rates Knudsen number effects, and limitations of this framework are
discussedin more detail in conjunction with the results of the study.

Numerical Approach
Two-dimensional DSMC calculationswere first performed for the
baseline geometry described in Fig. 1 using the parameters listed
in Table 1. Parameter studies were performed by varying the flow
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Table 1 Simulation parameters for baseline calculation

Parameter Value
t/d 3
B 0.25
Kn 0.0576
Re 0.96
Mass flow 4.89 kg/m?s
Ratio of real to simulated particles 10'0
Sampling cell length 1.72%in
Average molecules per sampling cell 25
Collision cell length 0.86Ain
Time step 5x1071s
Time step/mean collision time of inflow 0.43
Time steps to steady state 100,000
Time steps between samples at steady state 5
Samples taken at steady state 100,000
y

Inflow T Diffuse Wall at
1.5um t=3um Local Temperature
,,,,,,,,,,,, L ;

Symmetry Boundary 77

Fig. 1 Geometry of baseline case.

conditions and geometry relative to this case. The baseline case
consists of a filter 3 um thick with 1-um holes spaced 4 um apart.
These dimensions give t /d =3 and B = i. For the current studies,
we fix B and t/d, so that variations in the results are limited to
Reynolds number and Knudsen number effects. The computational
domain is effectively reduced by exploiting planes of symmetry
along the centerline of a filter hole and along the boundary between
adjacent holes. The inflow conditions are air at roughly sea-level
temperature and density, flowing at 4.89kg/(m?s) toward the filter
from the left. The Knudsen number is defined as

in terms of the mean free path of the inflow, A;,. For the baseline
conditions, Kn = 0.0576.

The calculations were performed with a modified version of
DSMC2.FOR.? The modifications allow the user to include an arbi-
trary number of surfaces within the domain and impose an adiabatic,
diffuse-reflection condition at a surface. Half of one orifice is then
modeled using a step-shaped blockage as shown in Fig. 1. DSMC
requires defining a ratio of real to simulated particles, here taken as
10'°, and a computational grid, here established with 100 (square)
computational cells per 1 um?. These choices give approximately
25 simulated molecules per computational cell. The time step for
the baseline case was 5 x 107! s, so that a molecule moving at the
root mean square molecular speed travels about one-quarter of a
cell width during a time step. Each cell was divided into four square
subcells for determining collision partners, and each edge on these
subcells was approximately 0.86A;,. These code parameters were
chosen to provide adequate resolution of the flowfield and conver-
gence of the statistical quantities, and these parameters were varied
to verify the accuracy of the simulations.

To control the Reynolds number from case to case, the mass flux
through the domain was specified by the inflow conditions. During
a time step, the number of molecules that exited across the inflow
boundarywere counted,and then molecules were added at the inflow
to satisfy the specified mass flux. The velocity for each incoming
molecule was set using a prescribed temperature and mean velocity,
althoughthe prescribedmean velocityis much smaller than the mean
thermal velocity for the cases studied. For the baseline case, this
prescribed mean velocity is 4 m/s, as compared to a mean thermal
velocity of 496 m/s.

Moleculesalsoenter the domainacross the downstreamboundary.
These molecules were taken from a prescribed distribution defined
by a specified velocity, density, and temperature. Because this con-
dition overspecifies the subsonic outflow, the solution close to the
exit plane adjusts in an attempt to resolve the inconsistency.In other

words, a smooth but pronounced transition occurs in the cells close
to the end of the domain from the constant state downstream of the
microfilter to an exit state more compatible with the overspecified
boundary values. To ensure that this transition region did not affect
the computed pressure drop, the downstream boundary was placed
far enough downstream. Extensive tests in which the domain length
was varied show that imposing the downstream boundary condition
approximately 10 from the filter prevents this inconsistency from
affecting the solution near the filter.

Results and Discussion
Baseline Results

Contour maps of the x velocity,u,, and p for the baseline case are
shown in Figs. 2 and 3. The map of u, shows that the flow acceler-
ating through the hole reaches a maximum speed of ~24 m/s along
the hole centerline. There is also a distinct boundary-layer struc-
ture in the channel. The density increases slightly (~2%) upstream
of the filter, a ram effect produced by forcing the flow through at
a specified mass flux. The flow then expands as it moves through
the filter. The final density value downstream of the channel exit is
~10% below that of the incoming flow.

Figure 4 shows profiles of p, u,, and p along the centerline of
the channel. The noise in these profiles arises because DSMC is a
stochastic method, but with this small amount of noise, no special
techniques are required to determine the solution. The values of
pressure in front of and behind the filter can be identified, so that
we can evaluate the Ap predicted by the scaling laws.
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Fig. 2 Contours of x velocity for baseline case.

wom) [

DENSITY: 1.06 1.07 1.08 1.09 1.10 1.11 1.12 1.13 1.14 1.15 1.16 1.17 1.18

10

5
X (um)

Fig. 3 Density contours for baseline case.
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Fig. 5 Nondimensional pressure drop for various cases, including
DSMC calculations, experimental results,’ and Yang et al. empirical
fit® given in Eq. (9).

Parameter Studies

The results of the baseline and several other cases obtained by
varying the flow conditionsand geometry are shown in Fig. 5, which
also includes the Yang et al. scaling law [Eq. (9)],° labeled Y, and
some of their experimental data.® The experimental data are in the
range 0.0057 < Kn <0.0127. The squares represent data for con-
stant Kn =0.0576 as defined in Eq. (11). These points lie below
Y by around a factor of 2. The experimental data lie below Y as
well at low Reynolds number, but the DSMC data disagree with ¥
more strongly. As Knudsen number increases, slip effect become
more pronounced,reducing the pressure drop for a given Reynolds
number. Therefore, the DSMC results lie below the trend seen in
the experimental data taken at lower Knudsen number.

The triangular data points in Fig. 5 correspond to simulations
with Kn =0.0309,0.117, and 0.233. The Kn =0.0309 data point is
closestto Y, the Kn =0.233 data point is the farthest from Y, and
the Kn =0.117 pointis in the middle. This ordering is expected be-
cause as Knudsen number increases, slip effects increase, reducing
the pressure drop. Furthermore, these points indicate that the depen-
dence of K on Knudsennumberis substantial. Consider the triangu-
lar point farthestfrom Y, for which Kn =0.233 and Re =0.68.If K
showed no dependence on Knudsen number, this point would fallin
line with the Kn = 0.0576 data, which is not the case. The value of
K interpolated at Re =0.68 from the Kn = 0.0576 data is approx-
imately three times that given by the simulation for Kn =0.233 at
the same Reynolds number. The scaling law predicts a single value
of K at this Reynolds number, regardless of the value of Knudsen
number that is over four times the value obtained for Kn =0.233
using DSMC.

Can we include a factor in Eq. (9) to account for this reduction
in K as Knudsen number increases? If we base this factor f on
Knudsen number and include it as

K = fB7%[3.5(t/d) + 3][(10/Re) + 0.22] (12)
we must require f to satisfy
f(Kn=0)=1, % <0 (13)

In other words, the scaling law should return the continuum limit
as Kn — 0, and f decreases as Knudsen number increases from
Kn =0. An expression that satisfies both of these requirements and
has only one free parameter is

f=a/(a+ Kn) (14)

This is the form for f givenby the mean free path method and shown
in Eq. (10), witha = % . However, the fixed form of Eq. (9) prevents
it from returning the exact Hagen-Poiseuille solution as t /d — oo.

10°
- Kp’
f[3.5(td) + 3]
10"
K |
10° |
Modified Scaling Law (includes f(Kn))
o] DSMC results
* Experimental Results of Yang et al., Ref. 6
-t Ll Ll L NI |
10407 10° 10 10
Re

Fig. 6 Comparison of DSMC results with scaled empirical fit given in
Eq. (12); experimental results from Yang et al.® are also included.

Therefore, to use Eq. (9), we determinea by matching the calculated
results to Eq. (12). Because we have several data points but only one
free parameter, we choose a to minimize the sum of the differences
between the prediction given by Eq. (12) and the simulation data.
This procedure gives a =0.0577.

The data points from Fig. 5 are shown in Fig. 6 in a new format
that removes the Knudsen number dependence. The abscissa K’ is
given by

_ Kp
T f3.5t/d+3)

which is the abscissain Fig. 5 scaled by 1/f. This scaling removes
variationdue to Knudsen number, projecting the results to an equiv-
alent Kn =0 value. Therefore, the Yang et al.° curve appears un-
changed in Fig. 6, and if the Knudsen number scaling is accurate,
then all of the data points should lie on this curve.

The scaling shown in Fig. 6 has much less scatter than that in
Fig. 5. The scaled DSMC results at the highest and lowest Knudsen
number values miss the empirical curve by around 15%, which is
a substantial improvement over the factor of 2-5 difference seen
for the unscaled results. Because only one free parameter, a, was
available for matching all of the DSMC data to the empirical curve,
the agreement is very good.

A more challenging test of the scaling law is provided by the
Yang et al. data,® some of which are also included in Fig. 6. These
data were not used to determine a for Eq. (14). The density of these
data as presented in Ref. 6 makes it difficult to identify the case, that
is, Knudsen number, corresponding to every individual data point,
and so only a few unambiguous points at the lowest and highest
Reynolds number values presented in Ref. 6 are included. There-
fore, the Knudsen number is known for each data point included
in Fig. 6, and each point is scaled using f. Before scaling, the low
Reynoldsnumber datain Ref. 6 differed from the empirical curve by
16-23%. After scaling, this error is reduced to 0.3-16%. However,
the data points at the highest Reynolds number reported in Ref. 6
are closer to the empirical curve before to the f scaling. Errors in
the range of 0.5-4.5% for the unscaled data increase to 5.4-15%
after scaling. Because Eq. (9) incorporated Knudsen number effects
into its empirically determined constants, better agreementover this
entire range of Reynolds number may be achieved by reexamining
the data used to derive Eq. (9) and isolating the Knudsen number
effectin f. Overall, however, the scaling law performs very well.

The data points for the Kn =0.117 and 0.233 cases lie above the
curvein Fig. 6 givenby the new scaling law, which indicates that the
scaling law underpredicts the pressure drop required to sustain the
flow under those conditions. In contrast, the data point correspond-
ing to Kn =0.03009 lies below the curve for the new scaling law, and
so the scaling law overpredicts the pressure drop required. There-
fore, the pressure drop is underpredicted for the cases with highest

/

15)
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Knudsen number, and it is overpredicted for the lowest Knudsen
number. This result has two causes. As mentioned earlier, Beskok
etal.’ demonstrate that a standard correction for slip flow compara-
ble to the correctionseen in Eq. (10) overpredictsthe effects of slip.
They include a second-orderterm in Knudsen number that reduces
this effect, which would appearin Eq. (14) as

f=a/(a+ Kn—bKn? (16)

with b > 0. Adding such a term and adjusting the value of a would
allow the scaling law to more accurately match the DSMC results,
but the usefulness in doing this is unclear. The scaling law is meant
to be an engineering tool, and the primary effects of collisional
nonequilibrium are captured by the linear Knudsen number term.
Additional effects that are not considered by the scaling law should
be explored before refining the Knudsen number based correction.

Compressibility is importantin microflows> and also contributes
to the trends seen in the DSMC data. The scaling law given in
Eq. (9) is based on incompressiblecomputations,and the form of f
givenin Eq. (14) is based on incompressible theory. The cases with
the highest Knudsen number in the current study were realized by
decreasingthe filter hole size and increasing the velocity, which kept
Reynolds number within a narrow range but increased the role of
compressibility. The lower Knudsennumberdata point was obtained
by increasing the hole size and decreasing the velocity, reducing the
effects of compressibility.

As shown in Ref. 5, compressibility reduces the mass flow be-
low that expected of an incompressible flow experiencing the same
pressure drop. In other words, a higher pressure drop is required
to support a given mass flow rate as compressibility becomes sig-
nificant. Therefore, the current results are consistent with the role
of compressibility seen in previous studies. The more compressible
casesrequirea higher pressuredrop than expectedbased on the scal-
ing law, and the least-compressiblecase does not require as much of
a pressure drop to support the flow. This argument seems to imply
that the scaling law should underpredictthe pressure drop for all of
the DSMC results because some degree of compressibility is seen
in even the low Knudsen number cases. However, a was chosen to
best fit the DSMC results, and so the effects of compressibility are
includedin f to some degree.

Additional studies could be performed to determine if differences
between the scaling law and the experimental data may also be at-
tributedin partto compressibility.Nonetheless,Figs. 5 and 6 suggest
that the correction included in Eq. (12) based on Knudsen number
is of primary importance in reconciling the high Knudsen number
data with the scaling law, and in the current range of parameters,
compressibility is of secondary importance.

Conclusions

As microfilters are fabricated with smaller and smaller holes,
noncontinuum effects will become more important. The scales re-
quired for filtering bioagents of current interest experience strong
Knudsen number effects, which requires an extension of the classic
scaling laws used to predict filter performance. Based on current
calculations, this scaling law is

t 10 0.0577
K=8?%35-4+3)|—+022 )| —— 17
p ( d+ )(Re+ )(0.0577+Kn) (1"

‘When the factor based on the Knudsen numberis included,a reason-
able adjustment can be made in the pressure-drop calculation that
is within about 15% of the solutions calculated in the current study

using the DSMC method. This scaling reduces the error in predict-
ing previouslow Reynolds numberexperimentaldatafrom the range
16-23% to 0.3-15%. However, the scaling increased the error in the
correlation from 0.5-4.5% to 5.4-15% at higher Reynolds number.

Improved accuracy over a wide range of Reynolds numbers may
be achieved by reexamining the data that led to Eq. (9) and iso-
lating the effects of Knudsen number in f, as well as through ad-
ditional studies in which the effects of collisional nonequilibrium
and surface slip are separated from the effects of compressibility.
Further development of Eq. (17) should also continue based on
three-dimensional simulations. Two-dimensional simulations were
pursued here because the same functional form seen in Eq. (6) for
three-dimensional Poiseuille flow holds for two-dimensional flow
througha channelof width d (Ref. 8). Also, the formof f in Eq. (14)
follows the form of the three-dimensionalcorrectionterm suggested
by Gombosi.'”> The value obtained for a in Eq. (14) by matching
the current two-dimensional calculationssuccessfully correlates the
low Reynolds number data of Yang et al..° but @ may need adjusting
based on three-dimensionalsimulations, especially if the constants
in Eq. (9) were adjusted to isolate Knudsen number effects in f.
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